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1 Introduction 

Let (X, d) be a metric space and p be a continuous action of a semigroup V 
on X. Then (X, p) is said to be expansive if there exists an e > such that 
for any two distinct points i, ?/ in X, 

sup d(p(j)(x),p('j)(y)) > e. 

Any such e is called an expansive constant of (X, p) . It is easy to check that 
when X is compact, the notion of expansiveness is independent of the metric 
d. 

If X is a metrizable topological group and p is an action of a semigroup 
r on X by continuous endomorphisms of X, then p is said to be expansive if 
there exists a neighborhood U of the identity in X such that 

[\p{ir\v) = w- 

Any such neighborhood is called an expansive neighborhood of the identity 
in X. An automorphism r of X is said to be expansive if the cyclic group 
generated by r acts expansively on X. It is easy to check that when X 
is compact and p is an endomorphism action of a semigroup T, these two 
notions of expansiveness coincide. 

The notion of expansiveness plays an important role in the study of dy- 
namical systems in general and endomorphism actions in particular. Earlier, 
expansiveness of automorphisms of connected groups was studied by several 
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authors (cf. ||T|, 0, ||, |7[ and (T^|). A complete description of expan- 



sive automorphisms on compact connected groups was obtained in [13]. In 



particular, it was shown that every compact connected group which admits 



an expansive automorphism is abelian and finite-dimensional. Also in Jl2 
it was proved that if a compact connected group X admits an expansive 
endomorphism action then it is abelian. 

In recent years dynamics of endomorphism actions of discrete semigroups 
on compact abelian groups has been extensively studied using techniques 
from commutative algebra (cf. |18|). Among other things, a complete char- 
acterization of expansiveness has been obtained when X is zero-dimensional 
( cf. [pLO | a Theorem 5.2) or T = 7L d for some d > 1 (cf. ||17|| ) Theorem 3.9). 



For further study of expansiveness and it's relation with other dynamical 
properties the reader is referred to 0, and fT4}| . 

In this paper we consider expansive endomorphism actions of arbitrary 
semigroups on connected metrizable topological groups. For any such action 
(G, p) we give necessary and sufficient conditions for expansiveness of p, 
provided G is either a Lie group or a compact finite-dimensional group. 

This paper is organized as follows. In section 2 we prove some elementary 
results about expansiveness of endomorphism actions on finite-dimensional 
vector spaces, considered as abelian topological groups under addition. In 
Section 3 we consider endomorphism actions on connected Lie groups. If G 
is a connected Lie group then by L(G) we denote the Lie algebra of G. If p 
is an endomorphism action of a semigroup r on G then by p e we denote the 
induced T-action on L(G) defined by 

Pe{l) = Ml)\e V7 G T. 

We prove the following. 

Theorem A. Let G be a connected Lie group, T be a semigroup and p be an 
endomorphism action ofT on G. Then (G,p) is expansive if and only if for 
all non-zero v in L(G), the p e -orbit of v is unbounded. 

In the special case when T is either abelian or a virtually nilpotent group, 
applying the above theorem we give a necessary and sufficient condition for 
expansiveness of (G, p) in terms of the generalized weights of p e . As a conse- 
quence we prove that if T is a virtually nilpotent group and (G, p) is expansive 
then for some 70 in T, p(7o) is an expansive automorphism of G. 
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In section 4 we consider endomorphism actions on compact connected 
finite-dimensional abelian groups. For any such group G, by G we denote 
the Pontryagin dual of G and by L(G) we denote the vector space of all 
homomorphisms from G to R under pointwise addition and scalar multipli- 
cation. From the duality theory of compact abelian groups it follows that 
L(G) is finite-dimensional. If p is an endomorphism action of a semigroup T 
on G then by p e we denote the induced T-action on L(G) defined by 

Pe{l){p){x) = p{x°p{l)) VpGL(G). 

Also, for such an action p, by p we denote the induced T-action on G. We 
note that G can be realised as a module over Z(r), the group-ring of T, via 
the action p. 

We prove the following. 

Theorem B. Let V be a semigroup and p be an endomorphism action ofT 
on a compact connected finite-dimensional abelian group G. Then (G,p) is 
expansive if and only if the following two conditions are satisfied. 

a) G is finitely generated as a Jj\r\-module. 

b) For every non-zero v in L(G), the p e -orbit of v is unbounded. 



Remark 1 . 1 Since non-abelian compact connected groups do not admit ex- 
pansive endomorphism actions (cf. [I2|), Theorem B characterizes expansive 



endomorphism actions on arbitrary compact connected finite-dimensional 
groups. 



2 Preliminaries 

Throughout this paper T will denote a discrete semigroup i.e. a set with 
an associative multiplication law. If Ti,r2 are semigroups then a map / 
from Ti to T2 is said to be a semigroup homomorphism if for all 71, 72 in Ti, 
/(71 • 72) = /(71) • /(72) ■ If G is a topological group then by End(G) we 
denote semigroup of all continuous endomorphisms of G, with composition 
as the product law. 

Suppose G is a topological group and p : F — > End(G) is an endomorphism 
action of a discrete semigroup T on G. Then it is easy to see that ri = 
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p(r) U {Id} is a subsemigroup of End(G) and p is expansive if and only if 
the natural action of I\ on G is expansive. Henceforth we will restrict the 
discussion of endomorphism actions to the case when T contains an identity 
element e and p(e) G End(G) is the identity automorphism. 

If C denotes the semigroup of complex numbers under multiplication then 
any semigroup homomorphism A : T — > C is said to be a character of T. 
If p : r — > End(V) is an endomorphism action of V on a finite-dimensional 
vector space V over C, then p is said to be reducible if there exists characters 
Ai, . . . , Afc and nontrivial p-invariant subspaces ]/]_,... ,Vk G V satisfying the 
following conditions. 

1. v = Vie---ev k . 

2. For i = 1, . . . , k, there exists a basis B of Vi such that p{^)\vi — 
is strictly upper triangular with respect to B, for all 7 in T. 

The characters Ai, . . . , A& are said to be the generalized weights of p and for 
all i, Vi is said to be the generalized weight space corresponding to Aj. 

Example 2.1 If p(T) is an abelian subsemigroup End(V) then p is reducible 
(see H, pp 134). This is also true when p(T) is contained in a connected 
nilpotent subgroup H of GL(V). This can be seen by looking at the Lie 
algebra homomorphism i : L(H) — > End(V) and using certain fundamental 
facts about representations of nilpotent Lie algebras (see ||11|| , Proposition 
2.4 and Theorem 1.35). 

The following proposition gives a necessary and sufficient condition for 
expansiveness of endomorphism actions on a finite-dimensional vector space, 
considered as an abelian group under addition. 

Proposition 2.2 Let T be a semigroup and p : T — > End(V) be an endo- 
morphism action of T on a finite- dimensional vector space V over R or C. 
Then we have the following : 

a) p is expansive if and only if for all non-zero v in V , the Y-orbit of v is 
unbounded. 

b) If V is a real vector space then p is expansive if and only if the induced 
endomorphism action ofT on V ® C is expansive. 
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Proof For any v in V let O v C V denote the p-orbit of v. Suppose that 
there is a non-zero vector v in V with bounded p-orbit. Let U be any neigh- 
borhood of in V. Then for e > sufficiently small, O ev = eO v is contained 
in U. This implies that p is not expansive. On the other hand if O v is 
unbounded for all non-zero v e V, then it is easy to see that any bounded 
neighborhood of is an expansive neighborhood. This proves a). Part b) is 
an immediate consequence of a). □ 

Proposition 2.3 Let T be a semigroup, V be a finite-dimensional vector 
space over C and p : F — > End(V) be a reducible endomorphism action with 
generalized weights \i, . . . , \ k . Then p is expansive if and only if for each i, 
the image of \ is an unbounded subset of C 



Proof For % — 1, . . . , k let Vi be the generalized weight space corresponding 
to Aj. Since each Vi is p-invariant, from the previous proposition it follows 
that p is expansive if and only if p\y t is expansive for all i. Therefore without 
loss of generality we may assume that k — 1. In that case there exists a 
character A of T such that after suitable identifications we have : 

a) V — C" for some n > and 

b) For all 7 G T, p(j) can be written as, 



/ A( 7 ) 



P{l) 



\ 



Ki) 



\ 



A(7) / 



Suppose there exists a non-zero vector v — {v\ . . . , i> n )* in C n such that the 
p-orbit of v is bounded. Let j < n be the largest positive integer such that 
Vj 7^ 0. Then it is easy to see that 

{p( 7 )K- I 7 e r} = {A( 7 K I 7 e r}. 

Since the p-orbit of v is bounded, this implies that the image of A is bounded 
subset of C. Conversely, it is easy to see that if v E C n denotes the vector 
(1,0,..., 0)* then 



{p(7)Ml7er} = {(A( 7 ),o,...,o) t |7er}. 



5 



Therefore if the image of A is bounded then there exists a non-zero vector in 
V with bounded p-orbit. □ 

In the special case when T is isomorphic to Z + or Z we obtain the following 
consequence of the above proposition. This was first proved in |7| . 

Proposition 2.4 Let V be a finite-dimensional vector space over R or C 
and let T be an element of End(V). Then the cyclic semigroup generated by 
T acts expansively on V if and only if the spectrum of T does not intersect 
the closed unit disk. If T is invertible then the cyclic subgroup generated by 
T acts expansively on V if and only if the spectrum of T does not intersect 
S 1 . 

Proof Replacing V by V <8> C if necessary, we may assume that V is a 
complex vector space. Let T = {T n | n > 0} denote the cyclic semigroup 
generated by T and let p denote the natural action of T on V. Since F 
is abelian, p is reducible. Furthermore if Ai, . . . , Ajt denote the generalized 
weights of p then Ai(T), . . . , A&(T) are the eigenvalues of T. Applying the 
previous proposition we conclude that p is expansive if and only if the spec- 
trum of T does not intersect the closed unit disk. The second assertion 
follows from a similar argument. □ 

3 Expansive actions on Lie groups 

In this section we prove Theorem A and it's consequences. Throughout the 
section G will denote a connected Lie group and L(G) will denote the Lie 
algebra of G. The standard exponential map from L(G) to G will be denoted 
by exp. 

We begin with the following lemma. 

Lemma 3.1 Let V be a finite- dimensional vector space over R and let p be 
an expansive endomorphism action of a semigroup F on V. Then there exists 
a finitely generated subsemigroup F C F which acts expansively on V . 

Proof Suppose this is not the case. We fix a norm |.| on V. Let S C V 
denote the set defined by S = {v G V \ \\v\ | = 1}. For every finitely generated 
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subsemigroup AcTwe define a closed subset S(A) C S by 

S(A) = {veS\ ||p(7)(«)||<lV 7 eA}. 

We claim that for any finitely generated subsemigroup AcT, S(A) is non- 
empty. To see this we define a A-invariant subspace V(A) C V by 

V(A) = {v G V | A — orbit of v is bounded}. 

By Proposition pT2| , V(A) is a non-trivial subspace of V. Let A& C End(V(A)) 
be the image of A under the map 7 1— > p(7)|y(A)- Then A& is a compact 
subsemigroup of End(V(A)). We choose a non-zero u; G V(A) and define a 
continuous function h : A& — > R by /i(a) = ||a(w)|| for all a in A&. Since A& 
is compact, there exists a cto G A b such that h(a ) > h(a) for all a in A 6 . 
Putting v = ao(w) we see that for any a in A&, 

||a(f)|| = /i(qoo) < /i(«o) = ||f||. 

Since A b contains Id, ||a (u>)|| > \\w\\ > 0. Now it is easy to see that the 
unit vector v/\\v \\ G 5(A), which proves the claim. 

If A 1; A 2 , . . . , Afc are finitely generated subsemigroups of T and A is a 
finitely generated subsemigroup of F containing A 1; A 2 , . . . , A^, then from 
the above claim it follows that 

0^S(A) c S(A 1 )n---nS(A k ). 

This shows that the collection {S'(A)} has the finite-intersection property. 
Now from the compactness of S it follows that 

f|S(A)^0. 

A 

Clearly for any vector w which lies in the intersection, the T-orbit of w is 
bounded, which contradicts our hypothesis. □ 

Proof of Theorem A. Suppose (G, p) is expansive. Let U be an 
expansive neighborhood of the identity in G. We choose a neighborhood V 
of in L(G) such that exp|y is a homeomorphism and exp(V) is contained 
in U. Let v be any non-zero element of L(G) such that the p e -orbit of v is 
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contained in V. Since exp is a T-equivariant map from (L(G), p e ) to (G, p), it 
follows that the p-orbit of exp(t> ) is contained in U. Since U is an expansive 
neighborhood of the identity and exp|y is a homeomorphism, this implies 



that v = 0. Hence p e is expansive. Now applying Proposition ^]2| we see that 
for every non-zero v in L(G), the p e -orbit of v is unbounded. 

Now we will prove the converse. Applying Lemma |3.1| and Proposition 



27| we see that it is enough to consider the case when T is finitely generated. 
Let A be a finite set which generates T. We choose a neighborhood V of 
in L(G) such that exp|y is a homeomorphism and V is compact. We choose 
another neighborhood U of such that 

U C V and p e (j)(U) C V V 7 G A. 

We claim that exp(?7) is an expansive neighborhood of (G,p). Suppose this 
is not the case. Let g ^ e be any element of G such that the p-orbit of g is 
contained in exp(U). We choose v in U such that exp(t>) = g. Let O v be the 
p e -orbit of v. Since v is non-zero, O v is unbounded. Since A generates Y and 
v G U, it follows that there exists w in O v and 7 G A such that 

to G U and p e (7 )(u>) G V - U. 

Since exp maps the p e -orbit of v onto the p-orbit of exp(t>), this implies that 
the p-orbit of exp(u) intersects exp(V — U). Since exp(V — U) and exp(U) 
are disjoint, this gives a contradiction. □ 



We note the following consequence of Theorem A and Lemma [37L 



Corollary 3.2 Let T be a discrete semigroup, G be a connected Lie group 
and p be an expansive endomorphism action ofT on G. Then there exists a 
finitely generated subsemigroup Tq C T such that the action of p, restricted 
to To, is expansive. 

The following corollary provides a rich source of expansive endomorphism 
actions of non-abelian semigroups on tori. 

Corollary 3.3 Let V be an infinite subsemigroup of M(n, Z) which acts ir- 
reducibly on W 1 . Then the induced V -action on T" = M n /Z n is expansive. 
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Proof Let p denote the natural action of T on M. n and W denote the sub- 
space of M n consisting of all points with bounded p-orbit. Since T is an 
infinite subsemigroup of M(n, Z), it is a noncompact subset of of M(n,M). 
Hence W is a proper subspace of lR n . From irreducibility of p we conclude 
that W = {0}. Now applying Theorem A we see that the action of T on T n 
is expansive. □ 

Corollary 3.4 Let G be a connected Lie group and p be an expansive auto- 
morphism action of a virtually nilpotent group V on G. Then p{T) contains 
an expansive automorphism of G. 



Proof Since Y acts expansively on G, so does every finite-index subgroup 
of T. Therefore without loss of generality we may assume that T is nilpotent. 
First we will consider the case when G is isomorphic to a finite-dimensional 
vector V space over C. Let H C GL(V) be the Zariski- closure of p(T) and 
Hq be the connected component of H which contains the identity. Since H 
has finitely many components, it follows that 

r = { 7 g r | P ( 7 ) g #0} 

is a finite-index subgroup of Y. Let p denote the reaction on V, induced by 
p. Since p(r ) is contained in a connected nilpotent subgroup of GL(V), po 
is reducible. Since p is expansive, so is p . Let \ 1: . . . , \ k be the generalized 
weights of po- F° r eac h 7 in r we define A 7 C {1, . . . , k} by 

A, = {3 I |A,( 7 )|^1}. 

For any 7 G T let 71(7) denote the cardinality of Ay. We choose 70 G T such 
that the n(j ) > 72(7) for all 7 in r . We claim that 71(70) = k i.e. |Aj( 7 o)| 7^ 1 
for all j = 1, . . . , k. Suppose this is not the case. We choose i such that 
|Ai(7o)| = 1. By Proposition p73| there exists 71 such that |Aj(7i)| 7^ 1. It is 
easy to see that for sufficiently large m > 0, 

|A,(7o m 7i)l^lVjGA 7o U{7}. 

Since 71(70) > 77(7) for all 7 in r , this gives a contradiction. Since the 
numbers Ai(7 ), . . . , \k(lo) are the eigenvalues of p(7o), from the above claim 



and Proposition |2]4] we see that p(jo) is an expansive automorphism of V. 
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Now we will consider the general case. Let a be the T-action on the 
complexified Lie algebra L(G) ® C, induced by p e . Applying Theorem A and 
Proposition |2.2j we see that a is expansive. By the previous argument there 
exists a 7q in T such that cx(7o) is an expansive automorphism of L(G) Cg> C. 
Applying Theorem A and Proposition |2.2| to the cyclic group generated by 
7o, we conclude that p(jo) is an expansive automorphism of G. □ 

It is known that if a connected locally compact topological group admits 
an expansive automorphism then it is nilpotent (see [I], [|HJ). The following 
corollary generalises this result for actions of virtually nilpotent groups on 
connected Lie groups. 

Corollary 3.5 Let G be a connected Lie group which admits an expansive 
automorphism action of a virtually nilpotent group. Then G is nilpotent. 

Proof Let p be an automorphism action of a virtually nilpotent group V 
on G. Then by the previous corollary there exists a 7 G V such that p(~f) 
is an expansive automorphism of G. Applying Theorem A and Proposition 



273] we see that the spectrum of dj G Aut(L(G)) does not intersect the unit 
circle. It is known that if a finite-dimensional Lie algebra over R admits a 
hyperbolic automorphism then it is nilpotent. Hence G is nilpotent. □ 

We conclude this section with an example showing that Corollary |3.4j does 
not hold for actions of arbitrary discrete groups. 

Example 3.6 Fix n > 3 and define a subgroup T of GL(n, M) by 

r=j^g J J I A G GL{n — 1, Z), 6 G Z n_1 

It is easy to see that for any x = (x\, . . . , x n ) in R n , the T-orbit of x is given 
by the set 

{Ay + x n b I A G GL(n - 1, Z), b G Z"" 1 } ; y = [x x , . . . , x n _i). 

Hence for every non-zero x in M", the T-orbit of x is unbounded. Since the 
spectrum of 7 contains 1 for every 7 in T, applying Proposition ^~J] we see 
that T does not contain any expansive automorphism of M. n . 
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4 Expansive actions on solenoids 



In this section we consider endomorphism actions on solenoids (compact 
connected finite-dimensional abelian groups). We freely use various results 
from duality theory of locally compact abelian groups; the reader is referred 
to |L6f for details. 



For any locally compact abelian group G, we denote by G the dual group 
of G. Recall that for a compact connected abelian group G, we denote by 
L(G) the vector space consisting of all homomorphisms from G to R, under 
pointwise addition and scalar multiplication. It is known that if G is a 
solenoid, then G is a torsion free discrete abelian group of finite rank. Hence 
for any solenoid G, L(G) is finite-dimensional. 

If p is an endomorphism action of a semigroup T on a compact connected 
abelian group G then by p we denote the induced T-action on G and by p e 
we denote the induced T-action on L(G) defined by 



Example 4.1 Let T be a semigroup, p : F —>■ M(n, Q) be a semigroup 
homomorphism for some n > 1 and if be a T- invariant subgroup of Q n . Then 
the action of T on H induces an endomorphism action p of F on G = H . If 
H contains Z n then L(G) can be identified with MJ 1 and p e can be identified 
with the adjoint of the T-action on R n induced by p. From duality theory of 
compact abelian groups it follows that any endomorphism action of a discrete 
semigroup on a solenoid can be identified with an action of this form. 

This section is organized as follows. Throughout this section G will denote 
a solenoid and p will denote an endomorphism action of a discrete semigroup 
T on G. In 4.1 we prove that the conditions a) and b), as stated in Theorem 
B are necessary for expansiveness of p. In 4.2 we show that expansiveness of 
p and existence of non-trivial bounded p e -orbit in L(G) can be characterized 
in terms of suitably chosen metrics on G and L(G) respectively. In 4.3 we 
prove Theorem B when F is finitely generated. We complete the proof of 
Theorem B in 4.4. 



11 



4.1 Necessary conditions for expansiveness 

For any compact connected abelian group G, we define a map E from L(G) 
to G by the condition 

(0 o E)(p) = e 2mpW Vp G L(G), G G. 

Since for a fixed p in L(G), the map — > e 2mp w is a continuous homomor- 
phism from G to S 1 , by the duality theorem the map E is well defined and 
unique. From the uniqueness it follows that E is a homomorphism from L(G) 
(considered as an abelian group under addition) to G. It is easy to check that 
the kernel of E can be identified with the set of all homomorphisms from G 
to Z, which is a discrete subgroup of L{G). 

Remark 4.2 Using the duality theorem we can realize L(G) with the set 
of all one-parameter subgroups of G and E with the map a i— > a(l). In 
particular when G is a torus, L(G) can be identified with M n , the Lie algebra 
of G, and E can be identified with the standard exponential map. However 
in general the map E is not surjective. In fact from a result of Dixmier (see 
H) it follows that if G is metrizable then E is surjective if and only if G is 
a free abelian group. 

Definition Let T be a semigroup and p be an endomorphism action of T 
on a compact abelian group G. Then a set A C G is said to be a p-basis if 
A generates G as an abelian group and A = \J 1 p{'y)(F) for some finite set 

FcG. 

Clearly G admits a p-basis if and only if it is finitely generated as a 
Z(r)-module. 

The next two propositions show that for expansive endomorphism actions 
the conditions a) and b), as stated in Theorem B are satisfied. The results 
are known, we include the proofs for the sake of completeness. 

Proposition 4.3 Let T be a semigroup and p be an expansive endomorphism 
action ofT on a compact abelian group G. Then G has a p-basis. 
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Proof Let U be an expansive neighborhood of of e in G. We choose a finite 
set F C G and e > such that 

f|^ eG l \x(g) - 1| < e} c u. 

We define A C G by A = M p(t) • Let H C G be the subgroup generated 
by A and let G' C G be the subgroup consisting of all g in G such that 
= e for all x m f ■ Then for every g £ G , the p-orbit of g is contained in 
[/. Since U is an expansive neighborhood of of e, we conclude that G = {e}. 
Now from duality theory of compact abelian groups it follows that H = G 
(see ||16|| , Theorem 53). Hence A is a p-basis of G. □ 



Proposition 4.4 (Also see j^j, proof of Corollary 1) Let V be a semigroup 
and p be an expansive endomorphism action ofY on a solenoid G. Then for 
every non-zero point p £ L{G), the orbit of p under p e is unbounded. 



Proof Let U be an expansive neighborhood of e in G. Since E is a T- 
equivariant map from (L(G),p e ) to (G,p), it follows that 

fVfrr 1 ^- 1 ^)) C E-\f) pW^U)) = Ker(E). 

Since the kernel of E is discrete, there exists an open set V C E^iU) such 
that V fl ker(i?) = {0}. From the above identity it is easy to see that V is 
an expansive neighborhood of for the action p e . Now the given assertion 
follows from Proposition |2.2| . □ 

4.2 Metrics induced by endomorphism actions 

Let S be the function from S 1 to R defined by S (z) = mf{\t\ \ t £ E, e 2wit = z). 
For any solenoid G and icGwe define functions : G x G — ► [0, 1] and 
d A : L(G) x -> [0, oo] by 

dA(jg,h) = sup xeA 5o xig^h), 
d* A (P, l) = sup xeA \p{x) - g(x) I . 
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It is easy to see that if A generates G as an abelian group then (La is a 
metric on G and d* A is a metric on the subspace L(G)a C L{G) consisting of 
all p in L(G) with d* A (0,p) < oo. For A C G and r > 0, we define open sets 
B A (r) C G and 5* (r) C L(G) by 

S A (r) = {9 G G | d A (e, g) < r}, 
B* A {r) = {p G L(G) I <^(0,p) <r}. 

Suppose p is an endomorphism action of a semigroup T on a solenoid G 
and A is a p-basis of G. Our next proposition shows that expansiveness of p 
and existence of non-trivial bounded p-orbits in L(G) can be characterized 
in terms of the metrics dA and d* A respectively. 

Proposition 4.5 Let V be a semigroup and p be an endomorphism action 
o/T on a solenoid G. Let A be a p-basis of G. Then we have the following. 

1. p is expansive if and only if Ba{c) = {e} for some e > 0. 

2. p e has a nontrivial bounded orbit if and only if B* A {C) 7^ {0} for some 
C>0. 

Proof 1) Suppose B A (e) = {e} for some e > 0. We choose a finite set 
F G A such that A = U 7 P(7)(-^)- Note that for any g in G, the p-orbit of 
g is contained in Bp(e) only if g G ^(e). Hence Bp{e) C G is an expansive 
neighborhood of e for the action p. 

On the other hand suppose U C G is an expansive neighborhood of e. 
We choose a finite set F C A such that A = U 7 P(7)(-^)- Since A generates 
G as an abelian group, it follows that B F (e) C £7 for some e > 0. Now it is 
easy to see that 

B A (e) = flAM-We)) C fl^W = H- 

7 7 

2) Suppose p is a non-zero element of -^(G) such that the p e -orbit of p is 
bounded. We fix an element in G and observe that 

M0) I ? e p e (r)(p)} = 0#) I ^ e p( r )(0)}- 
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Since q h- > q((f>) is a continuous map from L(G) to R and the p e -orbit of p is 
bounded, the right hand side is a bounded subset of R. Hence p, restricted to 
the p^orbit of <fi is bounded. Since is arbitrary and A is a union of finitely 
many p-orbits, we conclude that p\a is bounded i.e. p E B* A {C) for some 
C > 0. 

Conversely, suppose p is an element of B A (C) for some C > 0. We fix 
an element <p in G. Since A generates G as an abelian group, there exists 
a positive integer I and a\, . . . , ai in A such that <p = a\ + ■ ■ ■ + aj. Since 
^4 is invariant under p, every element in the p-orbit of 4> can be written as 
sum of / elements of A. Hence |p("0)| < IC for all ip in the p-orbit of i.e. 
\q(4>)\ < IC for all q in the p e -orbit of p. Since (f) is arbitrary, this implies 
that the p e -orbit of p is bounded. □ 



4.3 Actions of finitely generated semigroups 

As remarked earlier, for an arbitrary solenoid G, the map E : L(G) — > G 
need not be surjective. However we will prove the following result which will 
be a crucial step in the proof of Theorem B. 

Theorem 4.6 Let T be a finitely generated semigroup and p be an endomor- 
phism action of T on a solenoid G. Let A be a p-basis of G. Then for any 
C > there exists an e > such that B A (e) C E(B A (C)). 

Note that this theorem, together with Propositions [4.3| , |4.4| and [4.5| implies 
Theorem B when T is finitely generated. 



Remark 4.7 Earlier we have observed that E is a continuous homomor- 
phism and the kernel of E is discrete. Hence the above theorem implies that 
the map E, restricted to L(G)a_, is a local homeomorphism if L(G)a and G 
are equipped with the topologies induced by d* A and d A respectively. 



Before beginning the proof of Theorem |4.6| we introduce a few notations. 



Let if be a discrete abelian group and A is a finite subset of H. Then by 
Q,(A) we denote the set of all h G H which satisfies a linear equation of the 
form 



n h = ^ 
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where ai, . . . ,a r are elements of A and no, n±, . . . ,n r are integers with no 7^ 0. 
Also for all k > 0, by Qfc(-A) we denote the set of all /i G if which satisfies 
a linear equation as above with \n \ + \ni\ + • ■ ■ + \n r \ < k. A set A C if 
is said to be a k-regular if there exists an increasing sequence of finite sets 
-Ai C A 2 C ■ • • C A satisfying 
00 

\JA = A, A„cQ t (Vi) Vn>2. 
i=i 

Now we show that if p is an endomorphism action of a finitely generated 
semigroup on a solenoid G, then any p-basis is /c-regular for some fc. 

Proposition 4.8 Let T be a finitely generated semigroup and p be an endo- 
morphism action ofT on a solenoid G. Then any p-basis of G is k-regular 
for some k > 0. 

Proof Let A be a p-basis of G. Since A generates G as an abelian group 
and G has finite rank, there exists a finite set F\ C A such that Q(i*i) = G. 
Also, A = \J J p( r y)(F 2 ) for some finite set F 2 C A. We define F = F 1 U F 2 . 

Let S C T be finite set which generates T as a semigroup. Since Q(F) = G, 
for any 7 in S and a in F, p(7)(a ) satisfies a linear equation of the form 

r 

n -p(l)(a ) = ^njOj, 
3=1 

where a±, . . . , a r are elements of F and no, n±, . . . , n r are integers with no 7^ 0. 
Since S is finite, it follows that there exists a positive integer k such that 
p(7)(F) C Qfc(F) for all 7 in 5. For n > 1 we define 5 n C T and A n C A by 

5„ = {71 • • 'In I 71, • • • ,7n £ -5}, = IJ 

7es„ 

Let 7„ be any element of S n . We choose 7„_i G S^-i an d 70 G S such 
that 7„ = 7 n _i • 7 . Since p(7 )(F) C Qk(F), we see that 

p(ln)(F) C p(7„_i)(Q fc (F)) C Q fe (p( 7n _ 1 )(F)). 

This shows that A n C Qfe(A n _i) for all n > 2. Since S 1 generates T, it is easy 
to see that (J A = P(T) (F) = A □ 
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Now we turn to the proof of Theorem |4.6| . We will use the following 
lemma. 



Lemma 4.9 Let G be a solenoid and F be a finite subset of G. Then for 
any C > there exists an e > such that for any g G B F (e) there exists p 
in B* F {C) satisfying <p(g) = o E(p) for all <fi in F. 

Proof Let H C G be the subgroup generated by F and let H be the dual 
of H. Since R is divisible, any homomorphism from H to R can be extended 
to a homomorphism from G to R. Therefore it is enough to consider the 
case when G = H . In that case there exists n > 1 and an isomorphism 
9 : G — > T n such that exp o d9 = 6 o E. Since B* F {C) is an open subset of 
L{G) and exp : L(T n ) — > T n is a local homeomorphism, it is easy to see that 
E{B* F {C)) contains an open neighborhood of e in G. Since F generates G, 
there exists an e > such that -Bp(e) C E{B* F {C)). This proves the lemma. 
□ 



Proof of Theorem |4.6| Suppose A is a p-basis of G. By Proposition 



Lq A is £;-regular for some k > 0. Clearly without loss of generality we may 
assume that C < 1/k. Let A\ C A 2 C • • • C A be an increasing sequence of 
finite sets such that 

|JA = A A n c Qjfc(A n _i) Vn>2. 

i 

Applying Lemma we choose a positive e < C such that for all /i G -Baj (e) 
there exists a g G 5^ (C) satisfying x(E(q)) = x(h) f° r an X i n Let g 
be an element of -B^(e). We choose a p in 5^ (C) such that x(£'(p)) = x(d) 
for all x in A\. We claim that 

\p(x)\ <c, x(E(p)) = x (g) v x gA 

By our choice of p this is true for all x in Suppose this holds for all x 
in A n . Let ao be an element of A n+ \. We choose integers n ,ni, . . . ,n r and 
ai,...,a r G Ai such that n 7^ 0, |ra | + |ni| H — • + \n r \ < k and 

j'=i 
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Since g G iLi(e), there exists «6l such that |a| < e < C and e 2ma = a Q (g). 
Now from the above equation it is easy to see that 

r 

1 

Since a±, . . . ,a r G A n , it follows that 

r r r 

e 2™ OP (a ) = JJ e 2^n jP { aj ) = JJ a . £(p)"* = JJa^C/)™ 1 . 

11 1 

Therefore e ^M»-p(a )) _ q i e nQ ( a -p(a )) g Z. On the other hand 

r 

\n (a -p(a ))\ < n \a\ + \p(n a )\ < n C +} j n i \p(a i )\. 

i 

Now applying our induction hypothesis we see that 

r 

\tiq(c£ — p(a ))\ < C \rij\ < Ck < 1. 

3=1 

Hence a — p(ao) = 0, which implies that [p(ao)| — \ot\ < C and ao(E(p)) = 

e 2ma = ao(g). This proves the claim. Since A generates G as an abelian 
group, from the above claim we deduce that for any g G Ba(e) there exists a 
p G B* A (C) such that E(p) = g. This completes the proof. □ 



e 2mn a = 



4.4 Proof of Theorem B 

Now we prove Theorem B for an endomorphism action p of an arbitrary 
semigroup T on a solenoid G. If (G, p) is expansive then from Proposition 
Q| and Proposition |4.4| it follows that a) and b) are satisfied. Conversely, 



suppose the conditions a) and b) are satisfied. By Lemma [3J] there exists a 
finitely generated subsemigroup To of Y such that for all p in L(G), the To- 
orbit of p under the action p e is unbounded. We construct an endomorphism 
action (H, a) of To as follows : 

Since G has finite rank, there exists a finite set Fi C G such that Q(i r i) = 
G. Also, from a) it follows that there exists a finite set F2 C G such that the 
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se t U 7 P(7)(-^2) generates G as an abelian group. We define F = Fi U F 2 . 
Let H C G be the subgroup generated by the set 

A = |J p( 7 )(F) 
7er 

and let a be the r -action on H defined by (7(7) = p(7)lir Let if denote 
the dual of H and let a denote the endomorphism action of Tq on H which 
is the dual of a. 

Claim : (H, a) is expansive. 

Since G = Q(F) C Q(H), it follows that the restriction map p 1— > p\g 
is a To-equivariant linear isomorphism from L(G) onto L(H). This implies 
that for every non-zero q G L(H), the <r e -orbit of g is unbounded in L(H). 
Also it is easy to see that A is a <r-basis of H. Now applying Theorem fO| 
and Proposition O) we see that (H, a) is expansive, which proves the claim. 



Let V be an expansive neighborhood of e in H. Let i : — > G be the 
inclusion map and let 7r : G — » be the dual of z. We claim that 7r _1 (y) is 
an expansive neighborhood for the action p. To see this we choose any g in 
G such that the p-orbit of g is contained in rr^iV). It is easy to see that for 
any 7 G T , 

a(7)ovr(» =7Top( 1 )(g). 

Therefore the a-orbit of 7r(g) is contained in V. Since V is an expansive 
neighborhood for er, this implies that 7r(<?) = e. In particular <p(g) = 1 for 
all (f) in F. For any 7 in T, replacing (7 by p(^)(g) and applying the same 
argument we see that 

p{i){4>){g) = <P p{i){g) = 1 v 7 g r, <p e f 

Since A = IJ 7 gr Pil) (F) generates G, it follows that g = e. This completes 
the proof. □ 



Remark 4.10 Let T be the group of positive rational numbers under mul- 
tiplication, Q be the group of rational numbers under addition and jo be the 
action of T on Q defined by p(j) (x) = 7 • x. Let p be the dual action of T on 
Q. Then from Theorem B it follows that (Q, p) is expansive. On the other 
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hand it is easy to see that for any finitely generated subgroup T C T, Q is 
not finitely generated as a Z(r )-module. Hence no finitely generated sub- 
group T C T acts expansively on Q under the action p. Since T is abelian, 



this shows that analogues of Corollary |3.2| and Corollary [3]4] do not hold 
when G is a solenoid. 
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